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Induction Motors and Generators

An induction machine can be used as a motor or a
generator.

* Electric motors receive electrical energy as input and provide
mechanical energy as output.

Electrical Mechanical
energy Electric energy
Motor >

* Electric generators receive mechanical energy as input and
provide electrical energy as output.

Electrical

Mechanical
energy Electric energy
Generator >
4
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Induction Machines

N\

Stator Rotor

/N

Squirrel
Cage
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Structure of Induction Machines

1. Stator
e The stator core is made from the laminated steel.

e The armature windings are located in stator slots.
e Three-phase windings are connected in star or delta configuration.
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Structure of Induction Machines

1. Stator

Star

Delta g

C 7
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Structure of Induction Machines

2. Rotor
A. Squirrel Cage
e Aluminium or copper bars are located in the rotor slots.
e The bars are short-circuited from both sides using end rings.

Rotor bars

Shaft

End rings
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Structure of Induction Machines %"

2. Rotor

B. Wound Rotor
e Aluminium or copper windings are located in the rotor slots.
 There are three slip-rings and brushes used for energy transfer.

Rotor slots

Slip rings
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Basic Notions of Induction Machines

1. Synchronous speed. Assume the frequency of the applied voltage
to the stator winding is f and the machine has P poles; the
synchronous speed is defined as:

stlzof om
P

n—E rps

P

a)3=4L rad/s
P

Synchronous speed is a mechanical quantity.
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Basic Notions of Induction Machines

2. Rotor speed is the speed of the rotor.
In motoring mode

N, <N, rpm

n <n, rps

<. radls

a)l’ S

In generating mode

N, >N, rpm

n >n. rps

>@. rad/s

W S

r

Rotor speed is a mechanical quantity.
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Basic Notions of Induction Machines

3. Slip speed is the difference between the synchronous speed and
the rotor speed:

|\lslip :Ns_Nr rpm
nslip =Ny —N, TIPS
Wgp = W — @, Tadls

Slip speed is a mechanical quantity.
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Basic Notions of Induction Machines

4. Slip is the slip speed divided by the synchronous speed:

S:NS—NF
NS
n,.—n
= o
W, — ),
- -
N, =(1-S)N, rpm

Slip is a dimensionless quantity.

13
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How Does an Induction Motor Work?

Connecting the 3-phase stator windings to a 3-phase AC source
flows the current in the stator windings.

The stator current causes a rotating magnetic field with
synchronous speed.

The rotating magnetic field, induces a voltage in the rotor bars.

Since the rotor bars are short-circuited by end-rings, a current
flows in the rotor bars.

The rotor bar current produces another rotating magnetic field
which rotates with synchronous speed in the same direction as
the stator magnetic field.

Electromagnetic torque is developed due to the interaction
between two magnetic fields. T, =kB, xB,

The developed torque can rotate the rotor.
14
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What is Meant by Asynchronous?

The induced voltage in rotor bars is

due to the stator rotating magnetic
field.

Therefore if the rotor rotates with
synchronous speed, no voltage is
induced in the rotor bars and no
torque can be developed.

Hence, to develop torque, the rotor
speed should be different from the
synchronous speed.

It is because induction motors are
often called asynchronous motors.

15
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Operating Modes of Induction Machines

1. Motoring Mode

 The stator windings are connected to a
3-phase ac source.

e The mechanical energy is delivered on
the motor shaft.

> N,

> N,

16
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Operating Modes of Induction Machines
2. Generating Mode

 The stator windings are connected to
a 3-phase ac source.

e The machine is in motoring mode.

e |f by using a mechanical mover the
rotor speed is increased to above
synchronous speed, the machine will
be a generator.

> N,

N >N
S<0

17
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Operating Modes of Induction Machines
3. Plugging or Braking Mode

e |f during the motoring mode the
sequence of the applied voltage is
changed,

* then the rotating magnetic field will
change the direction,

e due to rotor inertia the magnetic field
speed is in opposite of the rotor speed.

e The rotor will change the direction of
rotation if it is not disconnected from
the source.

N, <0 > N

S>1 N, <

18
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Rotating Magnetic Field

Consider the following 3-phase AC machine with 2 poles and
concentrated winding. The 3-phase AC currents can be expressed
as:

I,(t)=1_coswmt

I, (t) =1 cos(wt—120°)

I.(t) =1 cos(wt+120°)

- ! -
|

t3 ts
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Rotating Magnetic Field

The rotating magnetomotive force (MMF) can be expressed as

F(0,t)=F,(0,t)+F,(0,t)+F.(0,t)

F(0,t) = NI, (t) cos & + Ni, (t) cos(d —120°) + Ni_ (t) cos(6 +120°)

20
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Rotating Magnetic Field

The rotating magnetomotive force (MMF) can be expressed as

F(0,t) = Ni, (t) cos @ + Ni, (t) cos(6 —120°) + Ni_ (t) cos(6 +120°)

F(6,t) = NI_coswtcosd
+ NI cos(wt—120")cos(6—-120°)
+ NI cos(wt+120")cos(6+120°)

F(0,t) =3NI_ cos(wt—6)

cosacosh =3 cos(a—b)++cos(a+Db)
21

2017 Shiraz University of Technology Dr. A. Rahideh



Electrical & Mechanical Angles

Consider an AC machine with P poles.
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Coil Pitch

Coil pitch: is the angle between two sides of one armature coil
in electrical angle. If the coil pitch is 180 electrical degrees, the
coil is a full-pitch coil; otherwise it is called short- or chorded-
pitch coil. Z

23
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Pitch Factor

e Assume the axial length of the stator is | and the coil pitch is p
as shown in the figure B

e=(V x I§)r
e =VBIsin(V, B)

e, =VBIsin(¢9+§—§)
e, =VBIsin(ﬂ+%—ﬁ—6’)

2

e, =VBI cos(b’ — £
e, =—-VBI cos(é’ + g)

24
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Pitch Factor

* Assume the axial length of the stator is | and the coil pitch is p
in electrical angle as shown in the figure B

e, =VBI 005(6’ — g)

e, =-VBI cos(é’ + g)

2VBI sin esin(ﬁ)

e :

aa" o

25
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Pitch Factor

=2VBIlsin g

‘eaa’ ‘ Full— pitch

= 2VBI sin Qsin(g)

‘eaa' ‘Short— pitch

The pitch factor is defined as

K ‘eaa' ‘Short—pitch

o =

‘eaa"Full—pitch

Therefore the pitch factor is

K, =Sin(§)

26
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Pitch Factor

Since the induced voltage may not be
ideal sinusoidal, the pitch factor is
expressed for all harmonics

Ko = sin(”Tp)
Why is short-pitch coil used?

Although short-pitch coil decreases
the induced voltage (by about 3%), it
decreases the disturbing harmonics
significantly (by about 70 to 80%).

Disturbing harmonics in electric
machines are 5 and 7;

27

2017 Shiraz University of Technology Dr. A. Rahideh



Distributed Windings

e To make the MMF more sinusoidal, distributed windings are
used.

e Consider the following 2-pole
single-layer distributed winding
AC machine:

e The induced voltage in phase a

—

E.=E .£-20+E Z0+E, 220

—

E_. =2.88E, /0

28
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Distribution Factor
e Distribution factor is defined as:
~Induced voltage for distributed winding
~ Induced voltage for concentrated winding

d

e |n previous example

2.88E,
k, =

3Erms
k, =0.96

2017 Shiraz University of Technology Dr. A. Rahideh



Multi-layer Winding /¢

Most of AC machines, especially large machines, have 2-layer
winding.

2-layer winding has the following advantages compared to
single-layer winding:

1. Simpler winding

2. Simpler connection

3. Higher mechanical strength
4. Optimal use of slots

5. Lower cost
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Distribution Factor

e Distribution factor is defined as:

_Induced voltagefor distributed winding
Induced voltage for concentrated winding

d

e Assume the angle between two adjacent
slots is y in electrical angle and the number

of slots per pole per phase is m, therefore
the distribution factor is written as

sin =~
K, = _
msin 5
e |In n-th harmonicitis
sin 102
kdn — - 2n}/
msin =~
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Winding Factor

 Winding factor is defined as

K, =Kk,
. sin 22

— P _ 2
kp _Sm<7) kd - ‘Y
msinZ

. sin M2

k :sm(”—”) k =— 2
bn 2 " msin’Z
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Induction Machine Modelling in
abc System

1. Voltage equations

Stator voltage equations in the stator fixed frame:

Vas — I"SIaS + d/las/dt @ = \wr
B ] s “bs Rotor
VbS i rslbs + dﬂbs/dt ® al@ -b@l? ® fixed
- 6, frame
Vcs — rslcs + dﬂ’cs/dt X-cr ® >
cr Stator
. . fixed
Rotor Yoltage equations in the wy b 7w .
rotor fixed frame: o
vV, =ri, +d4, /dt e

Vor = Tl + 0, /it where I, is the per-phase stator resistance
vV, =ri, +dA,/dt| andr, is the per-phase rotor resistance. s
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Induction Machine Modelling in
abc System

2. Flux linkage equations

* |n matrix form, the flux linkages of the stator and rotor windings
in terms of the winding inductances and currents are expressed as

abc abc abc « abc
Ps }_{Lss Lsﬂls }

abc | | y abc abc || eabc
;“r Lrs er I

where
ﬂ’as /lar IaS Iar
abc abc __ sabc _ | : sabc _ | :
;”s — ﬂbs ;\‘r T ﬂbr ls o Ibs lr T Ibr
_ﬂ’cs_ _ﬂ‘cr_ _Ics_ _Icr_

34
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Induction Machine Modelling in
abc System

2. Flux linkage equations

e The stator-to-stator inductance matrix is expressed as:

_Lls + Lss Lsm Lsm ]
Laszc = Lsm Lls + Lss Lsm

N Lsm Lsm I—Is + Lss_
where

L. is the per-phase stator winding leakage inductance
L., is the per-phase stator winding self-inductance
L., is the mutual-inductance between stator windings.

35
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Induction Machine Modelling in
abc System

2. Flux linkage equations
 The rotor-to-rotor inductance matrix is expressed as:

I—Ir + er er er
b
LarrC — er I—Ir + er er
N er er I—Ir + er_
where
L,, isthe per-phase rotor winding leakage inductance

L, isthe per-phase rotor winding self-inductance

L., isthe mutual-inductance between rotor windings.

36
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Induction Machine Modelling in
abc System

2. Flux linkage equations

 The stator-to-rotor mutual inductance matrix (which depends on
the rotor angle) is expressed as:

cosé, cos(6, +27/3) cos(6. —27/3)]
L2 =[] =L | cos(, - 27/3) cosé. cos(6, +27/3)
cos(6, +27/3) cos(6, —27/3) cosé,

where

L, isthe peak value of the stator-to-rotor mutual inductance

g, is the rotor angle w.r.t. the stator fixed frame

0 =wt+0,

37
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Induction Machine Modelling in
abc System

2. Flux linkage equations

If the reluctive drops in iron are neglected, the inductances can
be expressed in terms of the air-gap permeance (P,), the rotor
winding turns (N,) and the stator winding turns (N,):

L, =NZP,| |L, =NZP

rr r'g

2
L., = N¢ P, cos(27/3)

2
L., =N/ P, cos(27/3)

L, =N.N P

Sr s'Yr'yg
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Induction Machine Modelling in
abc System

 Therefore the machine is described by six first-order differential
equations

v | [ r +pL, pL,. pL,. pL, cosd. pL,cosd, pL,cosd, | i,
Vbs pLsm rs + pLs pLsm pLsr COos ‘92 pLsr COS er pLsr COS 01 ibs
Ves | o] o] . r,+pL, pL,cosé pL,cosé, pL,cosd, ||ig
Var - pLsr COos ‘9r pLsr COS 02 pLsr COS 01 rr + er erm erm iar
Vbr pLsr COos Hl pLsr COos er pLsr COos 02 erm I‘-r + er erm Ibr

_Vcr _ | pLsr COos 02 pLsr COS 01 pLsr COos Qr erm erm rr + er _ _icr _
where |6, =6, +27/3 0, =6.-2r/3 p=d/dt

Ls = Lls + Lss Lr — L" + L”

39
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Induction Machine Modelling in
abc System

e |t can be written in the compact matrix form as follows

v zbc l,Sabc 0 i?bc d LaSZc La;t;c 1 zbc
abc = abc « abc T d_ abc abc e abc
Vv, 0 r |1, t|L L ||i
where
O O Vas Ias
abc abc __ « abc -
rs T r.s O Vs o Vbs ls Ibs
O rs ] _Vcs _ICS
0 O Var Iar
abc abc « abc .
l.r - rr O Vr T Vbr lr _ Ibr
O rr _ _Vcr | _Icr 40
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Induction Machine Modelling in
abc System

_Lls T Lss Lsm Lsm @ as \a’r
Laic — Lsm I—Is + Lss Lsm cs -bs Rotor
) O] ) ® fixed
n I‘sm I—sm I—Is + Lss_ - o 0 frame
- — -cr cr© St;ator
I-Ir + er er er b b -ar fﬁxed
S r ® @ rame
Lallrtl;c — er I—Ir + er er ° ° 8
| er er I—Ir + er_ st
 cosd, cos(6, +2/3) cos(6. —27/3)]
L2 = [ |" =L | cos(6, —27/3) cosé. cos(6, +27/3)
cos(6, +2z/3) cos(. —27x/3) cosé.
- — 1 am
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Induction Machine Modelling in
abc System

As mentioned before the machine model in abc system is
represented by six first-order differential equations.

These differential equations are coupled due to the mutual
inductances.

The stator-to-rotor coupling terms are functions of rotor
position; thus when rotor rotates, they vary with time.

Mathematical transformations like dq or a8 can facilitate the
computation by transferring the differential equations with
time-varying inductances to DEs with constant inductances.

42
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Induction Machine Modelling in
Arbitrary qd0 RF

] ] Arbitrary
* The equations of IM are first @ 94 reference

derived in the arbitrary reference
frame (RF) rotating at a speed of
@ in the direction of the rotor
rotation.

Stator
fixed
frame

e Setting =0 vyields the
equations in the stationary RF.

e Setting w = w, yields the
equations in the synchronous RF.

43
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Induction Machine Modelling in
Arbitrary qd0 RF

e The transformation is expressed as Arbitrary

@ 94 reference
[fqdo ] = [quo (9)] [fabc]

e The transformation angle is

0(t) = [ o (t)dt+0(0)

Stator
fixed
frame

e The rotor angle is expressed as

0,(t)= [ o, (t)dt+06,(0)

44
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Induction Machine Modelling in
Arbitrary qd0 RF

 The transformation and its inverse for stator equations

oo ]=[Toao O] ]l |Fase )= [Taao O] [0 ]

cos@ cos(6-2x/3) cos(@+27/3)]
[quo(ﬁ)]:% sin@  sin(6-2xz/3) sin(6+27/3)

1 1 1

| 2 2 2

cos & sin@ 1]
T, (0)] " =| cos(6-27/3) sin(6—27/3) 1
cos(0+27/3) sin(0+27/3) 1

45
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Induction Machine Modelling in
Arbitrary qd0 RF

 The transformation and its inverse for rotor equations

[fqdo]: [quo(‘g—@r)] [fabc] [fabc]: [quo(‘g_er)]_l [fqdo]

cos(6-6.) cos(6-6. -2x/3) cos(6—-6. +2x/3)]

[quo(e—er)]:g sin(@—6,) sin(6-6. —2z/3) sin(0-6, +2x/3)
1 1 1
2 2 2

cos(6-6,) sin(0-60.) 1
T, (6-6,)]"=| cos(0-6, —2x/3) sin(0-6, —27/3) 1
cos(0-0, +2x/3) sin(0-6,+27/3) 1

46
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Induction Machine Modelling in

Arbitrary gd0 RF

qgd0 voltage equations Stator

The stator voltage equations in abc system is expressed as:

abc
S

=T

abcse abc
S

abc
s T PA

where p=d/dt

Applying the transformation T OIO((9) to voltage current and flux

yields

o]~ Mo O] o]

[T, (6)] V20 = 12T, 0 (0)] 20 + p([quow)]‘lx;*d”)

Multiplying both sides by the transformation matrix yields

V0 = [T (O) e [T ()] 2% + [T ()] p( [T, (0)] '22°)

a7
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Induction Machine Modelling in
Arbitrary qd0 RF

qgd0 voltage equations Stator

VO = [T (O) e [T (O] 12 + [T ()] p [T, (0)] '22°)

e Substituting the following relations in the above expression

(1 0 0] 0 1 0
l'sabC:rsq{jo :rs O 1 O [quo(‘9)]p([qu0(0)]_1)“gdo) = _1 O O )\‘ng_I_ p)“gdo
0 0 1 0 0 0]
yields - -
0 10
do d0sqd0 do do
voo=ri +w|-1 0 OAS+ph!
0 0O
— — 48
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Induction Machine Modelling in
Arbitrary qd0 RF

qgd0 voltage equations Stator
0 1 0]
v =i e -1 0 0]a¥°+ pad®
H_I i O O O_ \_Y_J
Ohmic drop Transformer EMF
Rotational EMF

Vi = I Igs + PAgs + @ Ay

=) Vg =T, Igg + PAo — @ A

VOs — r.s IOs + pﬂ'Os

Stator gd( voltage equations

49
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Induction Machine Modelling in

Arbitrary gd0 RF

qgd0 voltage equations Rotor

* The rotor voltage equations in abc system is expressed as:

abc

r

__ _.,abceabc abc
V. =1, 1, + pA,

r

e Similarly applying the transformation quo (6—-6.) tovoltage,

current and flux yields

[fabc ] = [quo (0 - ‘9r )]_l [fqdo]

qd0 __

Vi

0 1 0
r* %+ (w—w, ) -1 0 0]r% 4 pnri°
0 0 0]

50
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Induction Machine Modelling in
Arbitrary qd0 RF

qgd0 voltage equations Rotor
0 1 0
v =¥ % (p—m, )| -1 0 0|r%°+ pard®
—~— 0 00 ——
Ohmic drop _ 7 Transformer EMF
Rotational EMF

Vo =l g + PA, H(0—@,) A,

qr

‘ Var =1, idr T pﬂ“dr - (a)_a)r)/lqr

VOr — rr IOr + p;Z'Or

Rotor ¢gd( voltage equations

51
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Induction Machine Modelling in

Arbitrary gd0 RF

Stator & Rotor

qgd0 voltage equations

r 0 010 0 Ofig Ags

0 r, 0/0 0 O[i A

0.0 /0 0 0| d|4

0 0 0/r, 0 Ofi,| dt|4, : _

000 0r 0i, A Itis reqmreo! t.o refer all
0000 0 rli, A rotor quantlt!es to the
0 o 0 0 0 o4, stator side.

—o 0 0 0 0 0} A

0O 0 O 0 0 0| Ay,

0O 0 0 0 wo—w, 0| A,

0 0 0|—(0-w) 0 04

0 00 0 0 0|4 .
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qgd0 voltage equations referred to stator side

Induction Machine Modelling in

Arbitrary qd0 RF

Stator & Rotor

Voo | |k 0 010 0 Of, )14, vo=Ney | a2ty
Vis O r, 0|0 O O]ig Ay, gr — N, Var ar — N, “ar
Vos . 0 O I O 0 O iOs +d 205 V’ &V ﬂ,’ &/1
Vor |0 0 0frr 0 O I | dt] A, dr = N, 'dr dr ~Mar
Vé 000000 ic’i /?’c:l / N, ’ N,
r r r r v, =Nsy _ Ny
Vo, | {0 0 070 0 r|[iy Al Or = N, “Or ﬂOr rﬂ‘Or
0 w O 0 0 0] _ﬂqs ’ —&|
—o 0 0 0 0 0| Ay gr — N, ‘qr
o0 g : e i| =D r! (&)2r
0O 0 O 0 wo-w, 0|4, dr — N, 'dr ) WAL
0 0 0 —(w-@) 0 O|A .
i 0 0 O 0 0 O_ _%r_ or N, 'Or s
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Induction Machine Modelling in
Arbitrary qd0 RF

qdO flux linkage relation Stator

The stator flux linkage equations in abc system is expressed as:

abc __ g abc sabc abc sabc
)“s _Lss ls +Lsr 1r

Applying the transformation T ,,(0) and T ,(6—-6,) tothe
stator and rotor quantities yields

10 (0)] 28 = L2 [T ()] i + L [T, (0- 6) 2"

r

Multiplying both sides by T,q0(6) yields
;"gdo = [quo(ﬁ)]LiEC [quo(‘g)]_ligdo + [quo(‘g) as?C [quo(e_‘gr)]_li?do

54
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Induction Machine Modelling in
Arbitrary qd0 RF

qdO flux linkage relation Stator

2 = [T, (0) [T dow)]‘l qd°+[ o (O[T, (0-0)] 1

T J
Y

qu qd0
LSS LSI’

a0 40 :qd0 | y qd0 +qdO
— AT =L + LI i

S Sr r

The inductance matrices L. and L., in qdO reference
frame need to be obtained.

55
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Induction Machine Modelling in
Arbitrary qd0 RF

qgdo flux linkage relation

where

matrix in qdO reference frame

Stator

LY = [quo(é?)]Lasts’C [quo(&)]_1 is the stator self-inductance

(cosd cos(@-2) cos(0+2=)|[L, +L L

Is SS sm

L =2\sing sin(@-2) sin(@+2)| L, L+l

L. cosé sind

L

. || cos(@-2=) sin(o-2)

-
1
1_

K L, Ly,  Lo+Lg ]| cos(@+2) sin(0+%)
_Lls +% Lss O O |
Diagonal matrix and
» I—Is +% Lss O . g
independent of 6.
O I—Is_

56
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Induction Machine Modelling in

Arbitrary qd0 RF

qdO flux linkage relation Stator

and |L¥° = [quo(é’)]Li?C [quo(ﬁ—ﬁr)]_l is the stator-to-rotor

mutual inductance matrix.

where

D

L L

Sr

CO0SH,

cos(6, —27/3)

cos(6, +27/3) cos(6, —27/3) cosé.

cos(6, +27/3) cos(6, —27z/3)
cosé, cos(6, +27/3)

3
2

L
0
0

Sr

3
2

OI_O

0
0
0

Diagonal matrix and
independent of 6.

57
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Induction Machine Modelling in
Arbitrary qd0 RF

qdO flux linkage relation Rotor

e The rotor flux linkage equations in abc system is expressed as:

)\‘abc Labc e abc +Labc e abc
r

s S rr r

* Applying the transformation T,,(¢) and T,,(0—6,) tothe
stator and rotor quantities yields

[quo(e_er)]_l;‘?do Labc[ do(e)]_ligdo Labc[ do(e_er)]_li?do

* Multiplying both sides by T 4, (€ —6,) yields

;\'qu [ qdo(g 9)]]“abc[ qdo(g)]_ligdo+[quo(g_gr)]]“a:trlc[quO(g_er)]_li?do
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Induction Machine Modelling in
Arbitrary qd0 RF

qdO flux linkage relation Rotor

A0 = [Ty (060 L[, ()| 120 + [Ty (0 - 6) L[ T, (0 6,) | 'i2°

| J \ J
Y 4

qd0 qdo
Lrs er

qd0 _ ¢y qd0 «qdO qd0 «qd0
m) (A =L+ L%

r

The inductance matrices L . and L, in qdO reference
frame need to be obtained.
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Induction Machine Modelling in
Arbitrary qd0 RF

qgdo flux linkage relation Rotor

where |L¥° = [quo(é’—Qr)]L"’}bC[quO(H—Qr)]_l is the rotor self-

r

inductance matrix in qdO reference frame

L, +3L, 0 0| : :
qdo _ 0 L i3 0 Diagonal matrix and
L = ir T2 b independent of 6.
| O O I—Ir_
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Induction Machine Modelling in
Arbitrary qd0 RF

qgdo flux linkage relation Rotor

and |LY° = [T do(é’—@r)]Laf;C [quo(é’)]_1 is the rotor-to-stator

rs q

mutual inductance matrix.

%LSI‘ O O | d
Diagonal matrix an

L= 0 3L 0 inge dent of @
0 0 0 pendent of &.
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Induction Machine Modelling in
Arbitrary qd0 RF

qdoO flux linkage relation | Stator & Rotor

Therefore the flux linkage relation of induction machines in qd0
reference frame is expressed as

A || L 3L 0 0 3L, 0 0 |[ i |
Ay, 0 L. +3L, O 0 3L, 0 || iy
Jos | 0 0 L, 0 0 0 ||y
Ao | | 2L 0 0 L, +3L, 0 0 || iy
Ay, 0 3L, 0 0 L, +3L, 0| i,
o] |0 0 0 0 0 L, || or

It is required to refer all rotor quantities to the stator side.
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Induction Machine Modelling in
Arbitrary qd0 RF

qdO flux linkage relation referred to stator side | Stator & Rotor

] (Ll 0o 3, 0 0 i
Ay 0 L, +3L, O 0 %(E—:)Lsr 0 ||
A 0 0 L 0 0 0 |li.
736 0 0 (i) o o i
Al ek, o 0 MfL, +2L,) 0 i
ol |0 0 0 0 0 (i, |Lior

The magnetizing inductance, L, on the stator side is expressed as

L, :%Lss :%m_: L :%(m_:)z L
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Induction Machine Modelling in

Arbitrary qd0 RF

qgdo flux linkage relation referred to stator side

Stator & Rotor

Therefore gdO flux linkage relation is expressed as

A | | Ls+ Ly 0 0 L 0 0 [

Ay 0 L.+L, O 0 L. 0 || 1y

Aos B 0 0 L 0 0 0 ||y

/Iér L. 0 0 |L,+L, 0 0 i(;r

Agr 0 L. 0 0 L +L. O |1
_%r_ i 0 0 0 0 0 L,’r_ _i(')r_

where

I—m = % Lss = %E_: Lsr = %(E_:)z er I—I’r = (E_:)z I—Ir
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Induction Machine Modelling in

Arbitrary gd0 RF

e Lets prove the following relation

e Remind the aforementioned relations

2 2
L =Ng P, L, =N/ P,

L, =N, N, P,

e Therefore using the above relations:

L =N, Py = (E_:)Z Ny Py = (E_:)Z L,

L =N; P :(E_:)NSNr P :(II:_:) L,
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Induction Machine Modelling in

Arbitrary gd0 RF

Therefore gd0 model is expressed as

Vo | [r+p(Lg+L,) (L +L,) 0 pL,, wl, 0 g
Vi -o(L,+L,) r,+p(L,+L,) 0 —al,, pL,, 0 e
Vo, 0 0 r, + pL 0 0 0 los
Veor pL,, (w-w,)L, 0 r'+p(L, +L,) (o-o)L;+L,) 0 igr
Vi | | ~(e-o)L, L, 0 | —(0-o)L,+L,) r+pL,+L) 0 |l

Vor || 0 0 0 0 0 r/+pLy, || |

0 s
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Induction Machine Modelling in
Arbitrary qd0 RF

e Using the reactances instead of the inductances in the stator
voltage and flux linkage equations yields:

s
Vo =g +2 dqu+w
< gs ~ 's'gs | o, dt %st quza)b ﬂ“qs
dy
— 1 1 ds =
3 Vs = Fs s+ it — o Wes Vs = @y Ags
s _ —
< qu — Xls Iqs +Xm (Iqs +|qr Xls:a)b LlS
. . -,
Was = X las + Xy (Igs + 1) X, =o, L,
N
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Induction Machine Modelling in
Arbitrary qd0 RF

e Similarly using the reactances instead of the inductances in the
rotor voltage and flux linkage equations (referred to stator) yields:

a X
[ Y qr -, . I
< Vor =F gy wo dt T Var Ve = Op Ay
] d W’ ' '
V(’jr o rr' I(’jr + a])_o dtdr _ WO— Oy qu l//dr = a)b ﬂ’dr
N
/ 4 /
< qu Xlr qr + X (Iqs + Iqr) X, =0, I—|r
! r 3/ < -/
Wdr — Xlr Idr + Xm (Ids + Idr) Xm — a)b I-m
\ 68
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Induction Machine Modelling in

Arbitrary qd0 RF

g-axis equivalent circuit

Stator |v_=ri_+-2 qu+a’w

Wi = Xis lgs + xm(lqs +

Rotor V. =r'i' +

+ Wy, Wdl’ wqr

Xlr qr X (Iqs T Iqr)
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Induction Machine Modelling in
Arbitrary qd0 RF

d-axis equivalent circuit

dy
— 1 1 ds . . . -
S'l'ﬂ'l'nr Vds o rs Ids + @, dt o aa))b l//qs l//ds T Xls Ids + Xm (Ids + Idr)
NI i (LT
Rntnr Vdr r Idr -|— di — qu War = Xy Idr + X (Ids + Idr)
_ w Ve .
Ids rS XIS Idr
+ + Eds +
Vds Xin Vdr
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Induction Machine Modelling in
Arbitrary qd0 RF

0 component equivalent circuit

. d | rs XIs

Stator |v,, =r i, +o :’j”tos o AAN—T0——
: +
WOS — Xls IOs Vs

R r A 1 dl//(’)r XI’r r-r, I(’)r
OtOr VOr — I’r |0r ‘I‘E_dt fm\_/\/\/\,—q:
l/IOr Xlr Or V(')r
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Induction Machine Modelling in
Arbitrary qd0 RF

Torque Equation

* The instantaneous input power in abc system is obtained as

P o=V b +V b +V i +V 1 +V 1 +V

as ‘as CS 'CS ar -ar cr 'cr

* |nterms of qdO quantities, the instantaneous input power is

3
I:)in o _(Vqs Iqs +Vds Ids + 2VOS +Vqr Iqr +Vdr Idr + 2VOr Or)

e Substituting the voltage equations in the above expression yields

P = (rslqs+|qsp/1 + A, |

in ds"gs

.2 - .2 -
+ r-s Ids + Ids pﬂ'd a)ﬂ’qslds + 2rs IOs + 2 IOs pﬂ’Os

r:12 r s r:r2 ’ r s
+ r-r Iqr +|qr p + ((() W, )ﬂ'dr qr + r Idr +|dr pﬂ’dr _(a)_a)r)ﬂ’qudr

+2r'i° +2i), p/l(;r)
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Induction Machine Modelling in
Arbitrary qd0 RF

Torque Equation

3 =2 - . -2 - . -2 -
I:)in o f(rs Iqs, + Iqs pﬂ’qs + a)ﬂ’dslqs + rs Ids + Ids, pﬂ“ds _a)ﬂ‘qslds + 2rs IOs + 2 IOs pﬂOs

r=r2 = ’ ror r:r2 = ’ P
+ rr Iqr +|qr pﬂ’qr + (a)—a)r)/ldrlqr + rr Idr _Hdr pﬂ’dr o (a)_a)r)ﬂ'qudr

+2r!i2 + 21y, py, )
* The ohmic losses (ri terms) and the rate of exchange of

magnetic field energy between windings (ipA terms) do not
contribute to electromagnetic (EM) torque development.

e Hence the power terms contributed to EM torque generation are:

I:)T — % [6() (ﬁ“dsiCIs _ ﬂ“QSids )+ (6{) - a)r) (ﬂ“érlfllr - lfgrlér )]
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Induction Machine Modelling in
Arbitrary qd0 RF

Torque Equation

P = 2|0 (e, — Aeeiee )+ (@—00,) (A0 — A1, )]

e The electromagnetic torque is obtained by dividing the above
power by the mechanical speed:

Tem = % Zzyr [a)(ﬂ“dsiqs _ﬂ“qsids>+ ((0_ wr) (ﬂérlc’}r _ﬂ‘ériér)]

where P is the number of poles.

* |t can be shown that:

: - - r 3/ . r 3/ _ = - _'I'
ﬁdslqs _ﬂ’qslds T (ﬂ’drlqr ﬁqudr) T I—m (Idrlqs Iquds)
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Induction Machine Modelling in
Arbitrary qd0 RF

Torque Equation
T =322 [0 (R = Aios )+ (0— 0) (Rt — A0l )]

Agslos = Agslas = —(Agelgr = Agrlar) = Lin (grdgs —lgelgs)

driqr gr dr

e Using the above relations, the following expressions for the
electromagnetic torque calculation are obtained:

12Ul

e gr-dr drigr

Tem = %% (/Idsiqs B ﬂ“qsids )

_3p TN
Tom = 2 2 Lm(ldrlqs Iquds)
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Induction Machine Modelling in
Arbitrary qd0 RF

Mechanical Dynamic Equation

e Based on Newton’s 2" law for rotational movement, ZT =J day,,
the mechanical dynamic equation is obtained: dt
i da)rm
Motoring Mode Ten = Toeen ~ Toamp =9 =
o da,,
Generating Mode [T+ Treen = Toamp = -

where T, is the externally-applied mechanical torque, Ty, is
the damping torque, J is the moment of inertia and @, is the
mechanical rotational velocity.
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Induction Machine Modelling in
qd0 RF

e From the dynamic equations in gdO reference frame with
arbitrary rotating speed, the equations in the same reference
frame with other rotating speed can be obtained:

Stationary Reference Frame mmm) (=0

Fixed-to-rotor Reference Frame ) W = @,

Synchronous Reference Frame mmm) |(v=0
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IM Model in qd0 RF

Arbitrary rotating speed @

dy . dy . dy
- qs @ ds o _ 1 0s
Vqs - rs Iqs +é dt @, Was V r Ids % dt ac;)b qu VOs o rs IOs + %t
- dW' - . Wé - ' rer 1 dl)”(,)
Vc;r rr' Ic,|r ai) dtqr + o, r (’jr V(’jr = rr' I(,jr +i dt - — N (,qr VOr — rr IOr a dt r
(W | | X + X0 0 0 X 0 0 || |
W4 0 Xs+X, 0 0 X, 0 || iy
Wor 0 0 x, O 0 0 ||i
vl | X 0 0 X +x 0 0i,
Wy, 0 X 0 0 X, +X, 0[]0 - . , do,.
_W(’)r_ i 0 0 0 0 0 XI,r_ _i(’)r em  'mech  'damp — dt
3 P 1! rsr \_3 P - 3 p -y = -y
Tem 2 2w, (quldr o Wdrlqr ) 2 2w, (l//dS OIS l//qSIdS ) 2 2a, Xm (Idrqu - Iquds)
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IM Model in qd0 RF

Stationary Reference Frame @ =0

dy dy dy

—ri 1 gs —ri 1 ds : 1 Y7¥o0s

Vqs = I Iqs Py dt Vgs =T lgs + %t Vos =I5 los @ dt
dy! : dy! : dy,

' rer 1 ar o, . 1 d My 1 7 dr wr / ! 1 or
Vqr rr Iqr + , dt _a dr Vdr r-r Idr + @, dt qu VOr ! IOr @, dt
(W | | X + X0 0 0 X 0 0 || |

l//ds O XIs + Xm O O Xm O ids

WOS 0 O Xls 0 O O iOs

Wer X, 0 0 X, +X 0 0 || g

Wér 0 Xm 0 0 Xllr + Xm 0 Iér T T T ] da)rm
vl L 00000 x| [T e T e =

3 P 1! rsr \_3 P - 3 p -y = -y
Tem 2 2w, (quldr o Wdrlqr ) ~ 22w, (l//dS OIS l//qSIdS ) ~ 2 2m, X (Idrqu - Iquds)
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IM Model in qd0 RF

Fixed-to-rotor Reference Frame o=,

dy ., dy : dy
- 1 gs a)r d _ﬁ — L 0s
Vqs - rs Iqs +$ dt _st v rs Ids % dt : @, qu VOs o rs IOs + w, dt
d l)”' wl d W,
' rer qr / U 1 dr / ! 1 Or
Vqr rr Iqr ;D dt Vdr I’r Idr + o, dt VOr I |0r Wy dt
(W | | X + X0 0 0 x 0 0 || |
W4 0 Xs+X, 0 0 X, 0 || iy
WOS . 0 O Xls 0 O O iOs
vl | X 0 0 x.+x, 0 0]i,
Wy, 0 X 0 0 X +X. 0|1 do
’ [ = T —T h _Td - J m
_WOr | | O O O O O Xlr ] _IOr ] o mee amp dt

_3 P ryr s ) _3 P . _3 P ’ i
Tem 2 2w, (quldr Wdrlqr)_ 2 2, (l//ds qs l//qslds)_ 2 2, Xm (Idrlqs Iquds)
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IM Model in qd0 RF

Synchronous Reference Frame =,

SIS

dy L dy dy
—r 1 1 gs We ds _& - 1 Y ¥ 0s
dy! : W) _ : dy,

/ ) 1 qr W~ ¢ A 1 dr @0 ’ ' rsr 1 or
Vqr rr Iqr +o- @, dt + @, dr Vdr rr Idr + @, dt , qr VOr rr IOr @, dt
(W | | X + X0 0 0 X 0 0 || |

l//ds O XIs + Xm O O Xm O ids

WOS 0 O Xls 0 O O iOs

wi | | X 0 0 x.+x, 0 0]i,

4 ! !
Vir 0 Xm 0 0 Xlr + X 0 Idr T T T ] da)rm
_W(’)r_ i 0 0 0 0 0 XI,r_ i(’)r_ em  'mech  'damp — dt
3 P 1! rsr \_3 P - 3 p -y = -y
Tem 2 2w, (quldr o Wdrlqr ) 2 2w, (l//dS OIS l//qSIdS ) 2 2a, Xm (Idrqu - Iquds)
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Simulation of Induction Machines

e To simulate the induction machines the inputs, outputs and states
should be defined

States
)Z’as ﬂbs /?‘cs ﬂ’af /ﬁtbr ﬂ’cr a)rm
[ AN \
Vog — I _Ias
VbS _— > !bs
Vv — — |
e 3-phase =
Inputs < vV, —> Induction Machine 1, > Outputs
Vbr —_—) Model > ibr
Vor — > icr
\ Tmech — _’Tem y,
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Simulation of Induction Machines

Sub-systems: Transformation from abc to qd0

Stator voltages

[fqd 0 ] - [qu 0 ] [fabc ]

Rotor voltages

Vas
y abc to qd0

bs Transformation
VCS
Var
y abc to qd0

br Transformation
V
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Simulation of Induction Machines

Sub-systems: Voltage & flux linkage equations

ﬂ‘qs ;Lds 105 ﬂ'qr ﬂ“dr AOr

Voltage
&
Flux Linkage
Equations

The stator and rotor equations are coupled.

84

2017

Shiraz University of Technology

Dr. A. Rahideh



Simulation of Induction Machines

Sub-systems: Torque equation

Torque . .
q Tem Tem :%%(/ldslqs _ﬁ“qslds)

Equations

Note that rotor quantities or a combination of rotor and stator
quantities can be used for electromagnetic torque calculation.
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Simulation of Induction Machines

Sub-systems: Mechanical equation

T
o Mechanical o
Equations 4
Tmech
. dw,.
Mgtgr!ng Mgde Tem _Tmech _Tdamp =J dt
. d
Generat!ng Mgde Tem +Tmech _Tdamp =J g)trm
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Simulation of Induction Machines

Sub-systems: Transformation from qd0 to abc

qd0 to abc
Transformation

Stator Currents | i

[fabc ] = [qu 0 ]_1 [fqd 0 ]

qdo to abc
Transformation

Rotor Currents |i,

This transformation can also o,
be used for flux linkages.
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Simulation of Induction Machines
in the Stationary RF

Voltage sources to windings connections

as br

Induction
Machine
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Simulation of Induction Machines
in the Stationary RF

3-phase P-pole symmetrical IM

e The 3 applied voltages to the stator terminals need not be
balanced nor sinusoidal.

e The 3 stator phase voltages are

Vag Vbn
- Ot ®
Vs _Vag _ng e
N I
Vbs — ng _ng e i
as br :
. ch : Vcn
Vs = Vog T Vsg ® e O
e Or |3V, = (vag + Vg +vcg) —(Vy +V, +V, )

2017 Shiraz University of Technology Dr. A. Rahideh



Simulation of Induction Machines
in the Stationary RF

3-phase P-pole symmetrical IM

* Vg can be determined as

_ng(ias+ibs+ics)+|—sg dt (Ias_Hbs+I ):3(R +Lsg dt) Os

where Rg, and L are the resistance and inductance of the
connection between the two neutral points, s and g.

e Clearly whensandg
are connected directly 9
Vgg = 0.

e R

as br

* |nthe above expression
if 15,= 0 then v, = 0.

Induction
Machine cr

""""""""""""" 90
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Simulation of Induction Machines
in the Stationary RF

3-phase P-pole symmetrical IM

In the case of 4-wire connection (neutral points are connected
together), I, is zero if a symmetrical induction machine is
supplied by a set of applied voltages that are sinusoidal and
balanced.

In the case of 3-wire connection, Iy is always zero by physical
constraint, irrespective of whether the 3-phase currents are
balanced or not.

In the case of 3-wire connection, although Iy is always zero, v
may not be zero depending on whether the applied voltages are
sinusoidal and balanced.
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Simulation of Induction Machines
in the Stationary RF

3-phase P-pole symmetrical IM

When the applied voltages are non-sinusoidal (such as the
voltages of a six-step inverter), the zero-sequence component of
the applied voltage may not be zero.

In the case of 3-wire connection, v, can be determined, in
simulation, using the following expression with Ly, =0 and R, set
to a high value to approximate the open-circuit condition.

ng = sg(las+|bs+|cs)+\\§g dt (Ias+|bs+| ):3(R +Lsg dt) OS

v \

High value 0
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Simulation of Induction Machines
in the Stationary RF

Transformation (Stator voltage)

e Transformation of the stator voltages from stator abc system to the
stationary qdO RF where g-axis is aligned with the stator a-axis.

[~

2_0056’ cos(0—22) cos(0+2)] 0_0
[quo]=§ siné sin(@—%’f) sin(6?+2?ﬂ) —> [quo]zg

1 1

o
ar\)ha

o]

N | NQ‘
| |wN

N
N |~

1
2

2 2

S

Vqs

— 2 _1 _1 — 2 _1 _1
_3Vas 3Vbs 3Vcs_3vag 3ng 3ch

[quo]: [quo] [Vabc] < VSS Z%(Vbs — V., Z%(ng —ch

VCS)s :%(Vas +Vbs +Vcs) :%(Vag +ng +ch) _ng
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Simulation of Induction Machines
in the Stationary RF

Transformation (rotor voltage; 1t transformation)

 Transformation of the rotor voltages referred to stator side from
rotor abc system to the qdO RF fixed to rotor where g-axis is
aligned with the rotor a-axis.

-

nm__2 _1 1y -2 1 1
Vqr_BVar 3Vbr 3Vcr_ v 3Vb Vv

< V::i: :_Tg(vt’)r _Vér :_Tg(vt’m _Vc':n)

I 1y ' N 1 ' ' ' Rotor
Vor = §(Var T Vor TV ) = §(Van + Vin +Vcn) —Vin winding

\ or

D+

where v’ is the voltage between points I and n. The prime

denotes values referred to the stator side.
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Simulation of Induction Machines
in the Stationary RF

Transformation (rotor voltage; 2"9 transformation)

 Transformation of the rotor voltages referred to stator side from
the qdO RF fixed to rotor to the stationary qdO RF.

(0,
s e \

Vg, = Vg, COSO, +Vy sing, ar

Vg ==V, SING, +Vy COSH,

-

where the rotor angle is

0, = [ o, dt+0,(0)
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Simulation of Induction Machines
in the Stationary RF

g-axis flux linkage equations

\
S S
- o WV
S S S s _ G mq
&0‘ qu = Xis Iqs + qu ‘ IqS B X l
S"@ Is
S rs
. Qo s =S S S qu l//qr
,{'\1,\(\ qu - Xm (Iqs + Iqr) l//mq XM X + X'
%°e Is Ir
o
* where
'S _wS 1 1 1 1
s WV _
. rs __Tar mq — + +
ot War =Xy Iy +Woo| m |l = / Z Xy X X. X
o& X, =) M m Is Ir
% 96
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Simulation of Induction Machines
in the Stationary RF

d-axis flux linkage equations
N

Ws _WS

0( l/jjs — Xls Ijs + Wri\d ‘ Icsls =10 ot 6
v X

5\ Is

,g,\iX\"o Vind = X (ijs +i;§) > we, =X, (Vfds N wéi] 8

\Z Xls Xlr
e
where
1S _ 8 1 1 1 1
’ rosr S wdr l//md — + +
o‘ Wdi = X Idi +l//rsnd ‘ lar = X' 7 X X X X
QO‘ Ir / M m Is Ir

97

2017 Shiraz University of Technology Dr. A. Rahideh



Simulation of Induction Machines
in the Stationary RF

0.{.\‘9 Stator voltage equations
0 ¢
s - S dWSs - S Wss _Wri s s r s
VqS:rS |qs+i dtq & IqS: a y d ‘ quza)bj‘{vqs‘l‘x—ls(l//mq—l//qs
Is
N\
RS
g
S =S 1 dl//(js -5 st_l)”r?]d s { s | T ( S S )}
Vs = I s +a dt & |y = y ‘ Was :a)b_‘- Vas 5% W ~Vas dt
Is
122
: dy - : :
VOS = rS IOS +iTOS & WOS — XIS IOS ‘ IOS — Xﬂl; (VOS - rs Ios)dt
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Simulation of Induction Machines
in the Stationary RF

Rotor voltage equations
N

d 'S .
e I
’s S > ‘ qu a)b_‘-{ qr + Wdr X|y (l//mq qu)} dt
i’s qu _qu
T, )

1y dW(,jS o, ’ 1“\"
=g + % dtr +E:l//qi 6’6

J
=
S

| Wdr l//r?]d
dr
Xlr / o
, 12t
Y 1 dlﬂOr & i’ :&J‘(V' o )dt
VOr = I’r IOr +ET l//Or X“. Or ‘ or X|r or r "or
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Simulation of Induction Machines
in the Stationary RF

g-axis voltage and flux linkage block diagram

)
qu iIS
qr
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Simulation of Induction Machines

a rS

o
a Var

in the Stationary RF

d-axis voltage and flux linkage block diagram
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Simulation of Induction Machines
in the Stationary RF

Torque and Mechanical equations

e The torque equation is

—3_P 1 — I
Tem T 2 2w, (l//dslqs qulds)

e The dynamic mechanical equation is

: d
Motoring Mode T = Toeen = Toamy = J g)t
: da
Generating Mode  [Ton + T ~Toam = ="
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Simulation of Induction Machines
in the Stationary RF

Transformation (Stator currents)

* Transformation of the stator currents from the stationary qd0O RF

to the stator abc system.

[iabc]: [qulo]_1 [iqdo]

where

ar
|

as

_-S 1
_ Iqs +|Os

[qulo]_1 -

J3

NS

@

-5 .
Ids + IOs
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Simulation of Induction Machines
in the Stationary RF

Transformation (rotor currents; 1%t transformation)

* Transformation of the rotor currents referred to stator side from
the stationary qdO RF to the qdO RF fixed to rotor .

Wy
C oo : bs \

IS IS A3
lyr = 1o, COSE, —14,SING, ar

r

Iy, =1, sing, +i;; coso,

\_

where the rotor angle is

0, = [ o, dt+0,(0)
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Simulation of Induction Machines
in the Stationary RF

Transformation (rotor currents; 2"d transformation)

* Transformation of the rotor currents referred to stator side from
the qdO RF fixed to rotor to the rotor abc system.

4 ir _irr_|_ir (+ - ——
ar — qgr Or

o 1arr A3
< Ibr_ 2|qr 2 Idr_HOr

[ - br
- 1 - 3 ’r
I 2|qr | 2 Idr | IOr

winding
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Per-Unit System

Base quantities

 The base quantities with peak rather than rms value of a P-pole,
three-phase induction machine with rated line-to-line rms
voltage, V.4, and rated volt-ampere, S .4, are as follows:

Base Voltage V= x@ Vated

Base Volt-ampere |S, =S

Base Peak Current [I,=2S,/(3V,)

Base Impedance |Z,=V,/l,

Base Torque T,=S,/w,,|] where |®, =20 /P
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Per-Unit System

Torque Equation

—3_P | — I
Tem T2 2w, (stlqs l//qslds)

Sb a)bm=20)b/P Sb Ib:28b/(3vb) 3PVb|b

T, =— | o) |1, = — Tb:EEa)
b

3 P 1 — i
Tem 2 2, (l//dslqs qulds)

‘ Tem ( pU) =Was ( pu)iqs ( pU) B l//qs ( pu)ids ( pU)

T, %%Vblb
where
s Vs : I : 4,
Vs (PU) = ‘\”,d wes(PU) =5 i (pu)=-F|  |ig(pu)=-=
” Ve ly ly 107
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Per-Unit System

Mechanical Equation

\

dam
p . 2Jaw, d(w, | w,) ST T

J da)trm :Tem +Tmech —T
.. =20, P
-
-~
T, =S,/ oy,
@, =20, P
Y,

fond@/a) ¢

P dt mech

T

damp

dt

m ( pU) +Tmech( pU) _Tdamp( pU)

where H =Jw’ /(2S,) is the inertia constant.
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Machine Parameters

The following parameters/quantities are required for the simulation

o X stator or armature winding leakage reactance

¢ X, rotor winding leakage reactance referred to stator
e Xi magnetizing reactance

o [ stator or armature winding resistance

. I rotor winding resistance referred to stator

 J rotor moment of inertia

e P number of poles

¢ W, rotor base speed

* V. ratedline-to-line rms voltage of stator

e S, rated volt-ampere

mechanical load torque profile 109
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Saturation of Mutual Flux

The iron saturation mainly affects the value of the magnetizing
inductance and, to a much lesser extent, the leakage
inductances.

Considering the iron saturation effects on the leakage
inductances is complex (because of the complicated leakage flux
path) and these effects are neglected here.

Therefore the iron saturation effects on the magnetizing
inductance are only considered.

We assume that the iron saturation affects the g- and d-axis

components in the same manner (due to smooth air-gap).
110
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unsat

Ym

sat

Ym

sat

>V

>

Saturation Characteristics
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Saturation of Mutual Flux

The saturated value of the mutual flux linkage per second in the
g-axis is given by:

S, sat S,unsat S
l//mq qu _Al//mq
S, sat S, sat
s,sat __ qu l//mq l//qr qu A
l//mq o m - l//mq
Xlr
S, sat .
Rearranging subject to ¥, vyields Unsat/ldrated
/ N
S ’S S
Ve Vo AW 1 1 1 1
w;;at |\/| qS_|_ ?r . mq where _ + n ,
Xls Xlr Xm XM Xm Xls Xlr
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Saturation of Mutual Flux

Similarly the saturated value of the mutual flux linkage per second
in the d-axis is given by:

S, sat S,unsat

Wod =W¥nd —A Wrid

S, sat S, sat

s,sat __ st Wmd Wdr Wmd _A S

Wmd T m Wmd
XlS Xlr
Rearranging subject to Wrsn’jat yields Unsat/ldrated
/ N

s, sat l//gs l//éi AWrild 1 1 1 1

Wy = Xy +— - where =—+—+—
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125

/%
»

G

Saturation of Mutual Flux

 Assuming a proportional reduction in flux linkages of the g- and
d-axis yields:

A qu W:nqsat A Wm
A l//md l//rsnc?at A Wm
where
W \/ e f +lwssf
114
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Saturation of Mutual Flux

e The relationship between Ay, and ¥ can be determined from
the no-load test curve of the machine.

* The value of Ay is obtained W
t . . .
from " using piece-wise s
segments or a look-up table as '
explained for the transformers.
sat
WV

A Awm
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Saturation of Mutual Flux

e The part of the IM simulation that is affected by the inclusion of
mutual flux saturation is shown below:

N
A
'y

116

AWmq '\,\ it
sat
B \V A :
] mq ' v Sat Ym Ay AYm
qs _ v L m =
Yar LN > g " e ‘IJSm
i ] o e
\p’ds \psat '
‘ -ﬂhv md
Var
[ N // 4
¢ =
A\
med
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Linearization of Induction Machine
Model

* For nonlinear models, the well-established linear control
techniques cannot be employed.

{Xzf@uﬂ

y=g(x,u)

mmm) Linear control theory cannot be used.

e |f the nonlinear model can be linearized around an equilibrium
point, then the linear control techniques can be used.

mmm) Linear control theory can be used.

X = AX+ Bu
y =Cx+ Du

117
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Linearization of Induction Machine
Model

When can a nonlinear model be linearized?

If the system is always working around an equilibrium point.

Or

If the nonlinear terms are not significant and can be
approximated by linear terms.

The linearization methods

Taylor series expansion
Perturbation method
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Linearization of Induction Machine

Model

Nonlinear IM model in the arbitrary qdO RF

. dy
Vs =l + = ——+ -2y,
@y dt @, S
dy
1 ds @
Vs =I5 Igs +E dt El/qu
!/
v ori o1 W
qr rigr " o, dt
dy.
r r /! 1 dr
Var = I lor +E dt
do
_ rm
Tem _Tmech _Tdamp =J dt em
119
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Linearization of Induction Machine

Model

Nonlinear IM model in the synchronous qdO RF

Ce ] [ p @, p @, e T
Ve I, +-——X —= X —X —X |
w, ~SS w, ~SS w, ~ M @, ~ M &
N o ) " k .~ || Nonlinear terms
Vs o, Xss s+ o, Xss Y Xin Y X i o 1
=, , o are encircled.
re p ' P\ “re
_Vdr_ _ o, Xm r.r +E er_ _Idr _
do
— -3 P
Tem _Tmech _Tdamp =J - Tem o 5%( - )
dt
where
., —a
Xss = Xis T X X;r = XI’r + X S=—2 '
()
€ 120
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Linearization of Nonlinear Systems

First Technique:

Taylor Series Expansion

121
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Linearization of Nonlinear Systems

Consider a system whose input is X(t) and output is y(t). The

relationship between y(t) and x(t) is given by

y = f(x)

If the normal operating condition corresponds to X,; ¥, then above
relation may be expanded into a Taylor series about this point as

follows:

df 1d*f
'+EBZ (X__Xo)

= f =
y (XO) T 2| dXZ

X=X,

(x=x ) +--

Neglecting the higher-order termsyields |y =Y, + K(X— xo)

_df
dx

Finally assuming Ax=x-x, and Ay =Yy —Y, yields

where Yy, = f(x,) and K

X=X,

Ay = K AX
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Linearization of Nonlinear Systems

[

4

X y
>
AX JAY
0 Yo

df

AX = X — X K=—
0 dx

y =Y, +Ay

X=X, 123
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Linearization of Nonlinear Systems

Consider a system whose input is X,(t) and Xx,(t) and output is y(t).
The relationship between y(t) and the inputs is given by

y=f (Xl : Xz)
Expanding Taylor series about equilibrium point X, X5, Y,

of

5—)(1 _— (Xl ~ X0 )"' 72

Xy=X30 Xp=X20

y= 1E(X1o’ Xzo)+

1| 6% f )
21 %2 [, oX:

X2=X20 X2=X20

o’ f
dX,0X, [x=x,

Xy =X50

(X1_X10)(X2 _Xzo) Fees

— 124
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Linearization of Nonlinear Systems
Neglecting the higher-order terms yields

of
Y = f(X1,X2) » = f(xlo’x )+ a_Xl><1:_xlo aXZ _

which can be writtenas |Y=Y, + Kl(xl - X10)+ Kz(xz - XZO)

), of and K, _ o

K, =—
6X1 X1:X10 ax Xl XlO
X2=%X20 X2=X20

where Yy, = f(xlo,x

Finally assuming AX, = X, — X,,, AX, =X, —X,, andAy =y -y,  yields

Ay = K, Ax + K, AX,
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Linearization of Nonlinear Systems

Linearization of the system Yy = f(x1 ,...Xn) yields

(=) oo+ 2 -

>:(1 =X10 aXn

Xn=Xno

of
» y:f(xlo"“’xno)+ 8_)(1

(%0 = %)

X1=X10

Xn=Xno

which can be writtenas |Y=VY, + Kl(xl - Xlo)+“'+ Kn(xn - Xno)

of of
where yozf(xlo,...,xno), K, =— and K =—
8X1 X1=X10 aXn X1=X10
)'(n:Xno )‘(n:Xno
Finally assuming Ax, =X, —X,,, AX, =X, —X,, and Ay =y -y, vyields
Ay = K AX +---+ K AX
126
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Linearization of Nonlinear Systems

Example: Linearize the following nonlinear algebraic equation
about X, =2 and X,, =1

Solution:

Y = 2XZX, +SiN(7 X, )+ /2%, X,

Ay = K; Ax, + K, AX,

/

- \

/ AXy =X = Xy AX, =X, = Xy,
Ay=y—=Yo| |
of of
Kl - K2 =
8x1 X =X10 @Xz X, =Xq,
X2=X20 X2=X20
yo = f (Xlo’ X20)
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Linearization of Nonlinear Systems

Y = 2X2X, +Sin(7 X, )+ /2%, X,

Solution: X, =2

Ay = K AX + K, AX,

X,, =1

—

Ay = (8.5+ 7 )Ax, + 9 AX,

Y, = F (X, Xy, )= 2% 2% x1+8in(277)+ /2% 2x1 =10

Ay=y-y,=y-10

AX; = X —

Xio =X —2| |AX, =X,

_X2

=X, -1

o

X2 =X20

of X 1
K =— =| 4%, X, + 7 COS( 7T X, )+ —==2 =8+7+=—=(85+nrn
' 5X1 X{ =Xy, ( . ( 1) M}Xlz 2 ( )
Xy =X20 X, =1
of X
K,=— =|2% +—= =8+1=9
i axz X1=X10 ( 1 \/2X1X2 jx12

X2 :1
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Linearization of Induction Machine
Model

Linearization of electromagnetic torque expression

Consider the following operating point
P=lic, oo o i)

It is required to linearize the following EM torque expression
around the given operating point

_3.p YRS
Tem 2 2w, Xm (Idr Iqs Iqr Ids)

The EM torque at the operating point is

_ i P -' - _ -’ -
Tem |PO 2 2w, Xm (Idr,o Iqs,o Iqr,o Ids,o)
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Linearization of Induction Machine
Model

Linearization of electromagnetic torque expression

_3_p TR T
T _ZZ%Xm(Idrlqs Iquds)

“e -e sre sre —3_P (" I —1 i )
Po = (Iqs’0 liso  loro Idr,o) Tem |P0 — 2 20, Xin\ar.o Tgso ~lgr.o as,o

e Using the Taylor series expansion yields

ol . oT oT, . ol .
T =T, lo H—" AL +— Alg +—2 AN +—" Al
0 &e q Ie alre q alre
0 |p ds P, ar \p dr P,

-3 P Te =re - e “re
‘ ATem -2 2, X [Idr o gs qr 0 AIds Ids,o AIqr + Iqs,o AIdr]
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Linearization of Induction Machine
Model

Linearization of electromagnetic torque expression

ATem — %ZLX [Idr o qs o qr 0 AIds igs 0 Alle + Iqs 0 AI&?]
where

ATem — Tem _Tem |PO Tem |P0 = %%Xm (ic,ir,o iqs,o o i(;r,o ids,o)

Aigs — igs o igs,o Aijs — igs o Ids,o

AI;? = Ic’1(ra o i;f,o Alc'jf = Ié? - Idr,o
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Linearization of Nonlinear Systems

Second Technique:

Perturbation Method

132
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Linearization of Nonlinear Systems

e Consider a nonlinear model in the following form

{f(}k,x,u) =0

y = g(x,u)
where x is the vector of state variables, u is the input vector and y
is the output vector.

e Assume the system is operating in an equilibrium point in which
X=X,, U=u, and y=y,.

e When a small displacement, denoted by A, is applied to each

component of X, u and y vectors, the perturbed variables will still
satisfy the governing differential-algebraic equations:

f(k,, +A% x,+Ax, u,+Au) =0
y, tAy = g(x0 +Ax, u, +Au)

133

2017 Shiraz University of Technology Dr. A. Rahideh



Linearization of Nonlinear Systems

f(k,, +A% x,+Ax, u,+Au) =0
y, tAy = g(x0 +AX, u, + Au)

e Atthe equilibrium point we have

XX:XO =0 f(O’Xo’uo) =0

\/

e Substituting these two relations into the perturbed state-space

equations and neglecting higher order A terms can result in the
following linear state-space equations:

AX = AAX + BAu
Ay = CAx + DAu

134
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Linearization of Induction Machine
Model

Linearization of electromagnetic torque expression

Consider the following operating point
P=lic, oo o i)

It is required to linearize the following EM torque expression
around the given operating point

_3.p YRS
Tem 2 2w, Xm (Idr Iqs Iqr Ids)

The EM torque at the operating point is

_ i P -' - _ -’ -
Tem |PO 2 2w, Xm (Idr,o Iqs,o Iqr,o Ids,o)
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Linearization of Induction Machine
Model

Linearization of electromagnetic torque expression

_3_p T A
Tem 2 2w, Xm (Idr Iqs Iqr Ids)

“e -e sre sre —3_P (" I —1 i )
Po = (Iqs’0 liso  loro Idr,o) Tem |P0 — 2 20, Xin\ar.o Tgso ~lgr.o as,o

e Using the perturbation method yields

Tem |PO +ATem = %% X [( dr 0 + AIdr )( gs,o + Aiqs) ( qr,o + AI )(ids,o + Aids )]

_3_P . - e re “re
2 2w, X [Idro qs qroAIds IdsoAI +|qsoA|dr]

136

2017 Shiraz University of Technology Dr. A. Rahideh



Linearization of Induction Machine

Model

e By using the perturbation method, linearize the following
nonlinear IM model which is in the synchronous gdO RF

e (X Ex X, X | 1E,
€ % _a)e p 1 €
Vs | _ %x I+ xS X, x M
re p =re
Vqr % m r T X Iqr
re p “re

Nonlinear terms
are encircled.

a, —Q
Tem _Tmech :Z?Jda)r Tem :%%Xm(_ ) - ea) r
dt e
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Linearization of Induction Machine 57
Model

e (Clearly the input and state vectors are as follows:

T T
__|;ze ‘e re xre __|\,® e re re
X= [Iqs Ids Iqr Idr a)r] u= [Vqs Vds Vqr Vdr Tmech]

e The linearization is performed around an equilibrium point:

T T
__|;e e e “re I e re re
Xo - [Iqs,o Ids,o Iqr,o Idr,o a)r,o] uo _ [Vqs,o Vds,o Vqr,o Vdr,o Tmech,o]

e The small displacement is introduced for each variables:

A N A |

e =g -e e e €
where e.g. |Aif. =i% —i Algg = lgs — g o
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Linearization of Induction Machine
Model

* Perturbing the governing equations and neglecting the higher
order A terms yields

CAvt ] a2 De. P De 1T Aze T
AVqs Is + o, Xss @, 7SS o, Xin @, 'm 0 Alqs
e % P _ 2 P -e
AVds @, *'SS rs + @, Xss @, "M @, Xm 0 Alds
re | — P e ' P ! @y I _ Xm 3 X o -re
AVqr — Y Xin So Y Xin I+ Y Xir So Y Xir @, 05,0 @, 'dr,o AIqr
e _q % P —q ey ry Py Xm Xer ! -re
AVdr So o, Xm , Xm So a, rr r.r T o, er @, 0s,0 T @, Iqr,o AIdr
3P Y _ 3P Y __ 3P 1 3P 1 _2J
_ATmeCh_ | 4o, Xmldl’,o 4, Xmlqr,o 4, Xmlds,o 4, XmIqS,o P p . _Aa)r_
), — wr,o — A(()r
S, = As=5—§ =—T"
W, @,
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Linearization of Induction Machine
Model

e The obtained governing equations are rewritten in the following
form

Au = EAx —FAx

where

Ax=[AiE AL A AIE A, |

Au = [AvgS Avg AV Avy AT ]T
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Linearization of Induction Machine

Model

 and E and F are two constant matrices
X, 0 x, O 0
. 0 x, 0 X, 0
E=—|x, 0 x, O 0
W :
0 x, 0 x, 0
0 0 0 0 -%2
- - o -
I o Xss 0 o Xm 0
W, We
— o Xss I — o Xn 0 0
— D / D ! Xm & Xir &
F=- 0 So @, 7'm Iy So @, Xir Y lgs .0 Y lar o
W @e ! / Xm Xer 11
— S ‘@, Xm 0 —S, @ Xy f ey Iqs,o + @, Iqr,o
3Py i’ 3Py i’ 3Py i Py
| 4a, Xmldr,o _melqr,o _melds,o 4w, mlqs,o 0 | "
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Linearization of Induction Machine &7

Model

e |tis now possible to write the linear state-space equations in the
following standard form

AX = AAX + BAu

where A=E'F B=E"

AX = AAx+BAu p—
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